Mass Transfer Rates in Ion Exchange

W. A. SELKE, Y. BARD, A. D. PASTERNAK, and S. K. ADITYA

The rates of both the liquid-phase mass transfer and the internal-diffusion steps in
ion exchange were studied by means of shallow-bed experiments. The mass transfer
coefficients obtained fitted the general correlations for other packed-bed operations when
the Schmidt group was evaluated with experimentally determined ionic counterdiffusivities.
An incremental calculation of the diffusion rates within the particles yielded a value of
the counterdiffusivity in the resin phase. A general design procedure based on these

findings is proposed.

The integration of mags transfer data
" for ion exchange columns with the corre-
lations for other umit operations using
packed beds has been hindered by the
complexity of the rate mechanism of ion
exchange, by the paucity of appropriate
diffusivity data, and by the difficulties
encountered in the mathematical treat-
ment of cyclical fixed beds.

Over a wide range of conditions the
rate of ion exchange has been shown to be
governed by a combination of liquid-
phase mass transfer and internal diffusion
steps. Because of the transient nature of
the diffusion in the particles it cannot be
represented rigorously by an ordinary
differential equation with constant rate
coefficients. Over-all coefficients, which
are convenient in those operations in
which the mass transfer in both phases
can be regarded at any instant as taking
place at steady state, are not even ap-
proximately constant with time when
one phase is immobile (12). Although
simplified rate expressions can be useful
expedients and are required for simple
design procedures, they do not give
suitable indication of the importance of
each rate step when employed for the
analysis of data.

Most experimental studies of ion
exchange rates have been on fixed beds
(7, 13). In order to extract rate informa-
tion from the data, it is necessary to
relate the effluent concentration history
to the rate coefficient. Formal solutions
for the fixed bed with a number of special
cases of equilibrium and rate mechanism
have appeared, but few experimental
systems conform exactly to the models
represented by the equations. The only
work treating rigorously the important
combined liquid and internal-resistance
rate mechanism is that of Rosen (11) for
linear equilibrium.

In most previous studies of ion ex-
change the mass transfer coeflicients have
been evaluated by the use of certain
mathematical simplifications, some of
considerable ingenuity (7, 15). The
results obtained in this manner were
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internally consistent, but perforce of a
somewhat empirical nature.

A somewhat more general, though less
elegant, approach is the use of shallow-
bed experiments for primary rate deter-
minations. Thig technique permits direct
evaluation of instantaneous values of
both the liquid- and resin-phase diffusion
resistances (2). It is the purpose of this
paper to demonstrate that mass transfer
coefficients determined in this manner
are in accord with the general correlations
for packed beds if the Schmidt number is
evaluated with the proper diffusivities
for the counterflow of ions. The analysis
of the internal-diffusion step from shal-
low-bed data can yield values of the
diffusivities for the counterdiffusion in-
side the resin particles and also point the
way to design methods for deep beds.

LIQUID-PHASE MASS TRANSFER COEFFICIENTS

Experimental

Shallow-bed Runs. The exchange of copper
for hydrogen ions on Amberlite IR-120, a
sulfonated polystyrene bead-form resin, was
studied. The resin particles, from a closely
sized cut of 0.5 mm. average diameter,
were packed in a shallow bed, i.e., in a bed
small enough so that average concentra-
tions may be used in mass transfer and
material-balance equations without serious
error. A copper sulfate solution was fed
through the bed at a fixed rate, measured
by means of a rotameter. Two kinds of
runs were made.

1. Step-input runs, in which an approxi-
mately 0.05N copper sulfate solution was
fed directly to the shallow bed (initially in
the hydrogen form). Under these conditions
the shallow bed operates similarly to a
differential section at the entrance of a
deep-bed ion exchanger.

2. Double-bed runs, in which the copper
sulfate solution is passed through a deep-
bed ion exchanger (initially also in the
hydrogen form), prior to being fed to the
shallow bed. In this way the shallow bed
simulates the operation of a differential
section of a deep bed somewhat removed
from the entrance section.

Samples from both feed and effluent
streams were analyzed photometrically for
copper, with tetraethylene-pentamine used
as an indicator (4).

Ionic Counterdiffusivities. Measurements
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were made by means of a cell consisting of
two chambers separated by a sintered-glass
membrane. One of the chambers was filled
with a copper sulfate solution of the same
concentration (approximately 0.05N) as
was used in the shallow-bed runs, and the
other one with a sulfuric acid solution of
exactly the same normality. Thus copper
and hydrogen ions would counterdiffuse
through the membrane, approximating con-
ditions in the liquid phase during an ion
exchange operation. The cell was placed in
a thermostat held at 25°C., a temperature
close to that of the shallow-bed rums. At
the end of a measured period of contact the
solutions in both chambers were analyzed
for copper ion concentration and the
diffusivity was determined from the formula,

In Acy/Ac = BDt

where Ace and Ac are the differences be-
tween the copper ion concentrations in the
two chambers at the beginning and at time
¢t respectively, D the diffusivity, and 8 a
cell constant, determined by means of a
run with a system of known diffusivity
(KCl into pure H;0). The {foregoing
formula assumes no concentration gradients
in the bulk of the solution in each chamber
8).

The counterdiffusivity of silver and
hydrogen ions was determined in similar
fashion by use of equinormal silver nitrate
and nitric acid solutions.

Results

It has been shown (2, 9) how the results
of shallow-bed runs can be interpreted
to give concentrations in the liquid and
resin phases, as well as at the interface,
and K8 as functions of time, as well as
the value of k. S8* the latter two quan-
tities being defined by Equation (1):

dg
dt

I

kLS(C - C,)

= K. 8(C — C% 1

In Table 1 are listed the operating con-
ditions and the values of k.S for the
runs made by the authors, as well as
some obtained from other sources (2),
and in Table 2 are the measured counter-
diffusivities.

Correlation of Data -

General correlations of liquid side co-
efficients for mass transfer between the

*%,8 is obtained by extrapolation of K S8 to
t = 0. It was found impossible to do this in the
double-bed runs because the values of K18 for the
initial period of the run (until the resin reached about
159, of saturation) showed too much scatter. Step-
input runs were therefore made at the same liquid
velocity as each double-bed run, and %;8 was
obtained from the smooth plot of K; S vs. ¢t for the
step-input runs. These step-input runs are not
listed separately in Table 1.
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TaBLE 1

Run  System dp, Vv, 4 kS Re j
cm. cc./sec.  sq. cm.  cc./(g.)(sec.)
A2 Cu—H 0.030 0.545 1.98 1.06 4.34 0.723
A3 Cu—H 0.050 0.967 1.98 1.44 7.80 0.556
P1 Cu—H 0.050 0.506 1.00 1.32 8.04 0.491
P2 Cu—H 0.050 0.680 1.00 1.28 10.8 0.353
P3 Cu—H 0.050 0.595 1.00 1.34 9.43 0.426
P4* Cu-—-H 0.050 0.541 1.00 1.92 8.60 0.670
P5 Cu—H 0.050 0.326 1.00 1.50 5.20 0.869
Po* Cu—H 0.050 0.903 1.00 2.25 14.3 0.475
P7 Cu—H  0.050 0.173 1.00 0.945 2.74 1.03
P8* Cu—H 0.050 0.196 1.00 0.973 3.12 0.934
BLt Ag -H 0.060 1.38 0.865 2.88 30.3 0.258
B3 Ag—H 0.060  3.17 0.865 4.45 69.4 0.174
B7 Ag—H 0.060 1.81 0.968 2.36 35.6 0.180
BY Ag—H 0.060 1.76 0.968 2.54 34.4 0.200
B10 Ag—H 0.085 1.28 0.968 1.85 35.6 0.234
Bi11 Ag—H 0.085 1.16 0.968 1.65 32.2 0.280
B12 Ag—H 0.042 1.17 0.968 3.08 16.3 0.258
B13 Ag—H 0.060 1.23 0.968 2.02 24.1 0.314
B14 Ag—H 0.060 6.31 0.968 4.7 124 0.104
Bl15 Ag—H  0.060 3.26 0.968 3.55 64.0 0.151
Bi6 Ag—H 0.060 1.94 0.968 2.55 38.1 0.182
*Double-bed runs.
{Data for runs B1-B16 were taken from reference 1.
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transfer coefficient.

liquid and a dispersed phase have been
prepared by several authors. The follow-
ing discussion will be based on the cor-
relation presented by Dryden et al. (6).
They found that the j, factor, as defined
by Equation (2) can be plotted as a
sinigle-valued function of a modified
Reynolds number, defined in Equation

@) .
‘ k,,e( 4 ) .58
= fut 2
Je G pLDL ( )
Re = d,]GPL (3)
L€

It is observed that k./G = (k.S/8)/
(V/A) and that for spherical particles
A7’ 3 6

- ajr;'ﬁps/:g B TPs B d.ps

hence

_ kiSepsd, A <_y_>
Ie="%v \pp,) @

In the evaluation of these quantities, the
following values were used: p, = 1.00

*Dryden et al. use k’—moles/(hr.)(s8q. cm.)
(moles, moles), and G, -—moles/(hr.)(8q. cm.) instead
of &, and G as defined here. Their ratio is clearly the
same.
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TABLE 2. MEASURED COUNTERDIFFU-

SIVITIES
System Dy, sq. cm./sec. at 25°C.
Cutt—H+ 0.80 X 10-*
Agt—H~* 1.74 X 1078

g./ce.; ps = 1.1 g./ee.; uw = 0.009 g./
(ce.)(sce.); € = 0.35.

Values of 7, and Re are listed in Table 1
and plotted in Figure 1, together with
the curves from Figure 3 of Dryden
et al. (6). It can be seen that the data
for ion exchange fall on a smooth curve
with the upper of the two curves shown by
Dryden.

Although the fit of the data with the
correlation is adequate, the effect of
changing the values of the constants used
is of interest.

Baddour (I) has pointed out that
evaluating coefficients for the counter-
diffusion of dissimilar ions by observing
the motion of only one of these ions can
lead to significant error. He ecstimated
that the cffective counterdiffusivity for
copper-hydrogen ion exchange may be as
much as double the value obtained in
this work. Substitution of such higher
values of D, in the Schmidt number
would bring the ion exchange data to a
point midway between the two curves of
Dryden on Figure 1.
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RESIN-PHASE DIFFUSION

Resin-phase-diffusion  studies  were
made of the system Cu** ion diffusing
into the hydrogen form of Amberlite
IR-120. The internal diffusivity, D,, may
be defined by Fick’s law in polar form:

39 _ (s’iq_ 20_9) ,
at Ds ar’ " roar &)

Incremental Calculation Method

From the data obtained from the
double-bed runs (P4, P6, and P8, Table
1), ¢:/Q curves were plotted for the
shallow bed. These form boundary con-
ditions for Equation (4). In attempting
to solve the equation, one assumed that
the resin particles are spherical, that
concentrations in the particle are funec-
tions of time and distance from the center
alone, and that D, does not vary signifi-
cantly with ¢ and C.,.

A graphical technique for solving
Equation (4) under the foregoing assump-
tions is available. This is the Schmidt

— EXPERIMENTAL
|
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Fig. 3. Resin saturation; comparison of
experimental and calculated curves.

method (14), a technique which, with
the trial-and-error approach as outlined
below, was used to determine the diffu-
sivity, D,.

A value of D, was selected. Values were
then sclected for an increment of radius Ar
and an increment of time At. The values

‘were chosen so that D, Ai/Arz = 0.5.

Values of 1/nAr were plotted as abscissae
forn = 1,2, 3, ---, m, where mAr =
the radius of the particle. The values of
¢:/Q at the time intervals At were plotted
as ordinates at the abscissa 1/mAr. The
concentration values at 1Ar, 2Ar, --- |
etc., were determined by graphical con-
struction. The Schmidt method is based
on the fact that the tie line which con-
nects points representing the concentra-
tions at r = nAr and (n + 2)Ar at time ¢
crosses the point which represents the
concentration at r = (n + 1)Ar at time
(t + At). See Figure 2 for a sample con-
struction.

The values of ¢/@ thus obtained at
any time ¢ were averaged over the whole
particle to obtain (¢/Q).,, at any time.
These were plotted and compared with
the experimental curve. The procedure
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was repeated for different values of D,,
until a good check was obtained.

The question arose as to how small
Ar must be to assure reasonable accuracy.
This was answered by plotting predicted
g/Q curves obtained by letting m = 4
and m = 8. The difference between the
two curves was negligible.

Results of Calculation

The resin-phase diffusivity, D,, was
evaluated at three different flow rates at
room temperature. The same value
D, = 1.1 X 107 sq. em./sec. was ob-
tained for the three runs analyzed. The
agreement between predicted and experi-
mental values of ¢;/Q was good (see
Figure 3.)

This result may be compared with the
findings of Boyd and Soldano (3), who
studied the self-diffusivity of many ions
in various ion exchange resins to deter-
mine the variation of D, with tempera-~
ture and with divinyl benzene content,
DVB, in the resin. One ion they did not
study was Cu*t. However, Zn*+ was
studied, and since the atomic weights of
zinc and copper are very close and their
valences are the same, a comparison will
be useful.

Self-diffusion coefficients

Commercial Dowex-50 (5.20 meq./g.
dry hydrogen-form)

0.3°C. 25°C,
Zn*+:8.77 X 10—¢ 2.89 X 10-®
sq. cm/sec.

Nominal 249, DVB (4.36 meq./g. dry
hydrogen-form)

Znt*: 5,52 X 101 2.63 X 10—
Nominal 19, DVB
Znt+ 1.06 X 10t

Present  results—Counterdiffusion coeffi-

- cient

Amberlite IR-120, 8 to 109, DVB
Cut+—H+ 1.1 X 10-¢

The counterdiffusivity for the ecopper-
hydrogen system is apparently increased
over the corresponding self-diffusion co-
efficient for the metal ion by the mobility
of the hydrogen ion (7).

It is of interest to compare the ratio of
the diffusivities in the solid and liquid
phases with values reported in the litera-
ture. The experimental values for this
case were in the ratio of 7.3:1. This is of
the same order of magnitude as measured
by Piret, et al. (11) for nonadsorbent-type
pore diffusion and one-tenth of the values
measured by Dryden and Kay (5) for
liquid-phase diffusion into adsorbent
carbon pores.

APPLICATION

The results presented here are general
and can be applied to the design of ion
exchange contactors operating under con~
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ditions far removed from the range of
experimental conditions. The data re-
quired for a design calculation are the
equilibrium curve, the internal diffusivity,
and the Schmidt number for the ionic
system and concentration in question.
The equilibrium curve is best determined
experimentally (12), although significant
progress is being made in the prediction
of this curve from available values of
physical chemical properties. Both the
internal diffusivity and the Schmidt
number can be evaluated by a single
shallow-bed experiment. The general cor-
relations can then provide mass transfer
coefficients for either packed beds or
fluidized beds.

As the use of ion exchange is extended
to larger units, and to ionic systems for
which little empirical knowledge exists,
the use of extensive design caleulations is
increasingly justified. The same tech-
niques used for the analysis of the shallow-
bed data can be applied to design. The
complete bed can be regarded as a com-
bination of shallow beds. This calculation,
tedious if done by hand, can easily be
performed by programmed computing
machines and can overcome the lack of
formal mathematical solutions for the
general cases of ion exchange beds, The
following is a brief outline of the sug-
gested method of calculation:

1. Divide the deep bed into a suitable
number of shallow beds.

2. Assume g curve of surface concen-
tration §; as a function of time for the
topmost shallow bed.

3. Calculate ¢ and dg/dt as functions
of time by the Schmidt method.

4. Compute the outlet concentration
in the liquid phase by means of the
material balance

V(C’_"' - Cout) = W dq/dt

where W is the weight of the resin in the
shallow bed.

5. Compute ¢,y = (Cin + Cous)/2

6. Obtain the value of k.S from the
generalized correlation. ’

7. Compute the interfacial concentra-
tion in the liquid phase from

dq/dt == kLS(Cavg - Cz)

8. Obtain from the equilibrium curve
the resin-phast interfacial concentration
¢.* that would be in equilibrium with the
computed values of C; and check against
the assumed values ¢;. If the two are not
equal, repeat steps 2 to 8 using as the
assumed values the average between g
and ¢;*, until agreement is obtained.

9. Repeat steps 2 to 8 for successive
sections of the deep bed, using C,,, from
the preceding section as the new C,,.

Note that the time scale used in the
foregoing calculations must be adjusted
from one section to another by subtract-
ing at each point the amount of timeé
that is required for the liquid stream to
reach the section in question.
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NOTATION

A = cross-sectional area of bed, sq. cm.

C = concentration of exchanging ion in
liquid, meq./ce.

d, = resin particle diameter, cm.

D = diffusivity, sq. em./sec.

G = superficial liquid veloecity, ¢m./sec.

k = mass transfer coefficient, meq./

(sec.)(sq. cm.)(meq./cc.)

K = over-all mass transfer coefficient,
meq./(sec.)(sq. em.)(meq./ce.)

¢ = concentration of exchanging ion in
resin, meq./g.

@ = exchange capacity of resin, meq./g.

r. = resin-particle radius, em.

8 = specific surface area of resin, sq. em.
/g.

t = time, sec.

V = volumetric rate of flow, cc./sec.

¢ = void fraction, cc. void space/cc.
bed volume

u = viscosity, g./(cm.)(sec.)

p = density, g./ce.

Subscripts

1 = solid-liquid interface

L = liquid phase

8 = solid (resin) phase
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